We reconsider the ingredients of moduli stabilization in heterotic M-theory. On this line we close a gap in the literature deriving the Kähler potential dependence on vector bundle moduli and charged matter. Crucial in this derivation is our superspace formulation of 5d heterotic M-theory taking into account the Bianchi identities modified by brane terms. Likewise, we obtain the Fayet-Iliopolous terms due to brane localised anomalous U(1)'s. After assembling perturbative and non-perturbative contributions to the superpotential, we study supersymmetric (adS) vacua. It is found that the susy condition decouples the bundle moduli from the geometric moduli. We show that M-theory supersymmetric vacua without five-branes can be found, albeit not at phenomenologically interesting values of the geometric moduli. This result is fairly independent of the choice of vector bundle at the observable brane.
Introduction
The last few years witnessed a notable activity, following the work of KKLT [1] , in the construction of stable de Sitter vacua in type II string theory, less so in heterotic string/M-theory. One should recall, however, that the heterotic string is rather appealing in regard to particle model building, being the ideal context for the construction of supersymmetric Grand Unified Theories. Moreover, its strongly coupled limit, heterotic M-theory [2, 3] , has additional attractive phenomenological features [4, 5] , including the fact that there is an intermediate regime where the theory looks effectively five dimensional [6, 7] .
The proposal of KKLT [1] for moduli stabilization, following the work of [8] , and improvements thereof [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] have been implemented mainly for the type II string. In fact, although the problem of moduli stabilization in heterotic M-theory has been object of some interest in recent years [22] [23] [24] [25] [26] [27] [28] [29] , it is fair to say that it is far from being a settled issue. It is well known that sometimes, in the phenomenologically interesting regime we are forced to approach the limit where warping along the S 1 /Z 2 direction is considerable. Then, we have to face several obstacles. Firstly, there is a constraint on the validity range of the 11d supergravity approximation. Secondly, the reduction of this theory to 4d is complicated by the fact that the different zero-modes localise differently along the bulk. Moreover, generally the zero-mode wave-functions are not explicitely known. On the other hand, the low-energy gauge theory is determined by the VEVs of the vector bundle moduli and charged scalars, all of them localised at the boundary branes. The effect of these fields in moduli stabilisation must also be taken into account.
One of the problems with these brane chiral multiplets is the poor understanding of their contribution to the Kähler potential. It is one of the aims of this paper to improve on this situation. The reason the Kähler potential dependence on vector bundle moduli φ and charged scalars C is unknown is twofold. Firstly, the dependence of the gauge bundle on φ and C is in general not known as this would in principle require an explicit knowledge of the solutions of the zero-slope Hermitian Yang-Mills equations on the Calabi-Yau three-fold. Unfortunatly, this seems difficult, if not impossible to find. Secondly, even if we would know the gauge bundle explicitely we lack sofar an explicit expression (i.e. in terms of holomorphic coordinates) for the Kähler potential dependence on the gauge bundle. It is this gap that we will be able to close in this paper. We will show in section 3 that the Kähler potential takes a form which is strongly reminiscent of the DeWolfe-Giddings Kähler potential [30] describing a mobile D3 brane in type IIB compactifications, and that the bundle moduli and charged scalars enter the Kähler potential through certain real functions k I , I = 1, · · · , h 1,1 , dubbed "little" Kähler potentials, which have the form CY tr(A ∧Ā) ∧ ω I .
While in general this only provides an implicit knowledge of the way the Kähler potential depends on φ and C, the formal expressions found in section 3 can be used to derive a number of interesting results and, in particular, study supersymmetric stable vacua of heterotic Mtheory. This is due to the fact, shown in section 6, that the F-flatness conditions decouple the bundle moduli from the geometric moduli, even in the presence of brane instantons and gaugino condensates. In other words, the value of the gauge bundle in the supersymmetric vacuum is exactly independent of the value of the geometric moduli in contrast with the expectations raised in the literature. Then, the remaining supersymmetry conditions are used to determine the values of the geometric moduli S and T I in the background of the gauge bundle. By solving these equations with h 1,1 = 1, we will see in section 5 that the effect of membrane instantons wrapping holomorphic cycles dominates over the effect of gaugino condensation at the hidden brane in such a way that the theory is driven to an phenomenologically uninteresting limit with a far too small size of the M-theory orbifold direction, implying a too small 4d Planck mass.
In this work we will also briefly discuss the relevance for moduli stabilization in dS vacua of potentials induced by Fayet-Iliopoulos terms due to anomalous U(1)s acting on the boundary branes of heterotic M-theory. It has been recently emphasized [31] [32] [33] that such U(1)'s are generically present in attempts to obtain realistic heterotic model-building using complex line-bundles. We point out in section 5 that FI D-terms and membrane instantons in general exclude each other in the following sense. Given a Kähler modulus associated with an isolated holomorphic curve, either the corresponding membrane instanton superpotential vanishes or its anomalous U(1) charge vanishes.
We will perform the derivation of the bundle moduli and matter dependent Kähler potentials using the N = 1 superfield description of 5d heterotic M-theory we developed in [34] . This is a particular application of a general superfield formalism constructed for 5d gauged supergravity on the S 1 /Z 2 orbifold in refs. [34] [35] [36] and [37, 38] . Extending the results of [34] to the non-standard embedding will require a careful study of certain Bianchi identities and their dependence on the brane localised gauge bundles. It is worth emphasizing that, as we will see below, the superfield formalism turns out to be a powerfull and economic technic and is crucial for obtaining the results of this paper.
This article is organized as follows. Section 2 reviews the relevant couplings of 5d heterotic M-theory and its reduction to four dimensions. A brief explanation of the superfield description used herein is also presented. We derive explicitely the Kähler potentials in 3 situations. One with h 1,1 = 1; one with h 1,1 = 3; and h 1,1 = 1 with a mobile five-brane in the bulk. But we also discuss the structure of the Kähler potential in the general case. This discussion is completed in Appendix A. Section 3 contains the main technical results of this paper. We derive here the brane (and bulk-brane) superfield couplings involving the gauge bundle degrees of freedom, beyond the standard embedding. This allows us to obtain the effective Kähler potential dependence on the bundle moduli φ and charged matter C. We draw some parallels with type IIB compactifications with mobile D3-branes. In section 4 we discuss Fayet-Iliopoulos D-terms induced by anomalous U(1)'s and discuss the D-term potential in the strongly coupled case. Section 5 assembles perturbative and non-perturbative superpotentials and discusses the compatibility of the latter with non-vanishing FI terms. Finally, in section 6, we present a study of supersymmetric vacua without mobile five-branes. We conclude with a brief discussion.
5d heterotic M-theory and its 4d reduction
In the following paragraphs we review the relevant couplings of 5d heterotic M-theory. For this purpose, we use the (conformal) superfield formalism of [34] [35] [36] and [37, 38] , based on the offshell 5d supergravity construction of [39] [40] [41] [42] . The point of using the superfield description is that the reduction to 4d, that we will perform below, is rather transparent, specially regarding the N = 1 conformal superspace structure.
Relevant couplings of 5d heterotic M-theory
As any five-dimensional gauged supergravity, 5d heterotic M-theory contains in addition to the gravitational sector a number of vector and hypermultiplets [6, 7] . The bosonic components of the vector multiplets are h 1,1 Kähler structure moduli {b I } and gauge fields {A I } obtained by expanding the 11d 3-form potential C 3 over (a basis of) harmonic (1, 1) forms. On the other hand, the hypermultiplets include the "dilaton" universal hypermultiplet and h 2,1 complex structure moduli. We will not deal here with the complex structure moduli in much detail.
As we just mentioned, the Kähler moduli are associated with 5d vector multiplets. Each of these decomposes into a chiral superfield Σ I and a vector superfield V I of N = 1 (4d) supersymmetry as follows [35, 37, 42] :
Note that we take the Wess-Zumino gauge. The scalars b I have to satisfy the contraint [7, 42] 
Note, however, that the corresponding chiral superfields Σ I are not constrained [35] , as they depend on one additional degree of freedom, e 5 y . There is a combination of the above superfields that will play an important rôle in this paper. This is the gauge invariant
where
Clearly, V I y is invariant under the gauge transformations
For the upcoming discussion, it is crucial to stress the fact that F yµ is a component of V I y . In fact, it is well known that the brane localised gauge fields lead to modifications of the 2-form
(The precise form of the brane term will be presented in section 3.) We will have therefore to modify Eq.(2.4) in such a way that V I y ∼ θσ µθ F I yµ still holds. This will be done in section 3. The crucial ingredient in 5d heterotic M-theory is the universal hypermultiplet. It consists of four real scalars and their supersymmetric partners., and can be decomposed into two chiral N = 1 superfields, S and Φ. The so-called dilaton superfield S is associated with the volume of the internal Calabi-Yau 3-fold measured at the position y along the orbifold. Its lowest component is
Here, σ is dual to the 5d 3-form potentialC 3 arising from the 11d bulk in the Hořava-Witten setup, while ξ is an S 1 /Z 2 -odd complex field which appears in the expansion of the 11d 3-form potential C 3 (of the 4-form G) in harmonic forms,
Finally, let us mention that Φ ∝ ξ is an S 1 /Z 2 -odd chiral superfield. According to [6, 7] , the 11d G-flux induces a gauging of the shift symmetry σ → σ + λ by a suitable combination of the 5d vector multiplets: 2 S → S − 2ǫ(y)α I Λ I , (2.9)
The 5d superspace Lagrangian will have to be invariant under these transformations. As it was explained in [34] , the relevant bulk couplings, i.e. those couplings leading to non-vanishing 4d moduli interactions, can be written in the form of a D-term Lagrangian in five dimensions 11) where
is determined by the CY intersection numbers d IJK appearing also in (2.3). We note that at energies below the compactification scale, the superfields φ and S 0 can be replaced by their zero modes, which have no y-dependence. In fact, as we reduce to 4d φ becomes the chiral compensator superfield and S 0 is the 4d chiral superfield defined by S 0 ≡ S(y = 0).
The superspace 5d Lagrangian above was derived in [34] from a 5d supergravity perspective. Here, we will give a bottom-up way of understanding this expression. In the limit of vanishing G 4 -flux there is no warping and the low energy 4d tree-level Lagrangian is just 12) with Kähler potential
Now, consider uplifting this expression to 5d still without G-flux (and warping). We must care about 5d Poincaré and gauge invariance. As we said above, in 5d Σ I +Σ I is not a gauge invariant, while V I y = Σ I +Σ I − ∂ y V I is. Therefore, in going to 5d we have to modify (2.12) 14) where the ellipsis stand for odd superfields which vanish in the low-energy limit. Of course, 5d Poincaré invariance must be also imposed both in the vector and dilaton sector. We will here not care about the vector sector, see [34] for details. The only way of recovering 5d Poincaré invariance in the dilaton sector is to introduce an F-term Lagrangian which must have the form (see e.g. [43] )
where Φ is an odd chiral superfield 3 . Let us now turn on the G-flux. We know that this correponds to gauging the shift symmetry S → S +iλ by a suitable combination of the 5d vector multiplets. Imposing invariance of L F,5d under the action of this transformation we find that ∂ y S must be replaced by ∂ y S +2ǫ(y)α I Σ I . Likewise, in L D,5d we must replace (S +S) by (S +S + 2ǫ(y)α I V I ). Finally, we introduce S 0 as
In the notation of [34] , Φ is an odd combination of several superfields defined therein:
To fully understand the meaning of S 0 we must note that now L F,5d reads
Going to 4d the odd superfield Φ acts as multiplier imposing that ∂ y S 0 = 0 [34, 38] . This means that S 0 is a 4d superfield and according to (2.16) it is the value of the dilaton measured at the visible brane (y = 0). Finally, plugging (2.16) back into (2.14) we obtain the D-term Lagrangian (2.11).
Reduction to 4d and the effective Kähler potential
In the preceding discussion we have seen how starting from the known 4d weakly coupled heterotic theory, one can uplift to 5d and turn on the G-flux to obtain the superspace Lagrangian (2.11). We will now go the opposite way from 5d to 4d, but keeping the non-vanishing warping. It is not difficult to see that the 4d Kähler potential is obtained by performing the following integral (cf. (2.12))
where we retained only S 1 /Z 2 -even quantities. The difficulty now is to evaluate this expression explicitely in the warped background. As it was pointed out in [34] , it is only in the h 1,1 = 1 case that this is straightforward. We obtain [34, 44] 
where the modulus S π ≡ S 0 − αT measures the size of the CY 3-fold at the location of the hidden brane, and 4
In the weak coupling limit αRe(T ) ≪ Re(S) we recover the universal Kähler potential
where we introduced the average CY volume modulus S ≡ (S 0 + S π )/2. Note that due to warping, in the strong coupling regime the nice direct product of the hypermultiplet sector and the vector sector patent in (2.21) disappears. Moreover, unlike the weak coupling Kähler potential (2.21), the exact Kähler potential (2.19) describes a moduli space which has a curvature singularity at the strong coupling limit Re(S π ) = 0.
Before considering the addition of bulk M 5 branes, let us comment on the structure of the Kähler potential in the more general h 1,1 > 1 case. The first fact we want to stress is that K is now a function of Re(S 0 ) and of the 4d Kähler moduli Re(T I ), where 22) and, again, Re(S 0 ) measures the size of the CY 3-fold at the visible brane. Note that, instead of, say, T 0 one can use the modulus S π ≡ S 0 − α I T I which sets the size of the CY at the hidden brane, or the average CY size modulus S defined above. As a non-trivial example, let us consider the STU-model with h 1,1 = 3, α 0 = 0, α 1 = α 2 = 0 and d 123 = 1. The Kähler potential can be determined using the methods of [34, 38] and turns out to be
It is important to note that in the two examples presented in this section, where we are able to explicitely calculate the low-energy Kähler potential, the following set of relations is satisfied:
where the X i denote collectively the S and T moduli. Moreover, these expressions still hold in the presence of M5 branes in the bulk. This leads us to conjecture that they should be valid also in the general case, regardless of the explicit form of the intersection numbers d ijk and the number of five-branes in the 5d bulk. We show in appendix A that this is true, at least for general d ijk and no five-branes.
Bulk M5 branes
Sometimes it is useful to introduce bulk five-branes to more easily satisfy the tadpole cancelation conditions [45] [46] [47] [48] . For simplicity we will specialize to the case with h 1,1 = 1. There is therefore only one 2-cycle the five-brane can wrapp. The presence of the five-brane in the bulk modifies the y-dependence of the G 4 flux. This can be very easily accounted for by replacing the coupling α 0 ǫ(y) in Eq.(2.18) by α(y)ǫ(y) with
where z is a fixed reference distance of the five-brane to the visible boundary, z dy e 5 y being the physical distance.
The Kähler potential was determined in [34] . It is given by
Here, Re(S 5 ) is the volume of the internal CY measured at the position of the five-brane, which can be rewritten in terms of the five-brane position modulus Z as 5
where [49] [50] [51] 30) and B originates from the KK reduction of the 2-form living on the five-brane. Finally, the modulus S π can also be expressed in terms of the five-brane modulus Z as
We note that β ≡ (α 1 − α 0 ) is the tension of the five-brane and therefore must be positive, that is
3 Brane localised couplings and the Kähler potential
The requirement of global anomaly cancelation leads necessarily to non-trivial gauge bundles and therefore to the breaking of the E 8 gauge symmetries at least at one of the boundary planes. The resulting low-energy brane field content as well as its interactions depend on the precise choice of the vector bundle and also on the CY 3-fold. We will see now how by solving the Bianchi identities one can derive the contribution of the brane multiplets to both the Kähler and superpotential. To illustrate this idea, we will first describe the brane localised couplings in the simplest case of the standard embedding with universal moduli only. The general case of a non-standard embedding with h 1,1 = 1 will then be discussed below.
Standard embedding with universal moduli
In the standard embedding the gauge group at the visible brane reduces to an E 6 ⊂ E 8 and, in addition to the corresponding gauge fields, there are h 1,1 charged multiplets C I transforming in the27 representation of the E 6 (for simplicity we assume h 2,1 = 0). We will consider the case h 1,1 = 1. Since we are dealing here with 5d supergravity, the kinetic terms for C must be encoded in a D-term Lagrangian localised at the visible brane,
This term can be determined by solving the Bianchi identity for the 5d 2-form F in the presence of (a gradient of) the matter field C. In fact, the only natural and gauge invariant way of obtaining such a term is by performing the following addition to (2.11):
This modification is required to ensure the gauge invariance of the action and can be obtained by noting that V I y = · · · + iθσ µ θF I µy . In fact, in the presence of brane matter, the 5d Bianchi identities have brane localised sources, leading to
The above redefiniton of V y must be accompanied by a modification in the definition of the superfield Σ,
The rational behind this is to impose that the lowest component of the superfield Ω in Eq.(3.1), which is the coefficient of the Einstein-Hilbert term [52] , has no support on the brane. In this way we ensure that no brane localised Einstein-Hilbert terms exist. Likewise, the dilaton superfield S 0 (see (2.7)) is modified as
(with ξ(0) = 0) otherwise the bulk Lagrangian would depend on the brane field C.
To determine the low-energy Kähler potential we have now to perform the following integral:
It is enough to calculate the lowest component of this superfield expression, since the rest can be obtained by supersymmetrization [34] . (This is the reason we dropped the vector superfield V in Eq. (3.6) .) The lowest component of (3.6) is (with d 111 = 1)
Notice that, due to the definition of Σ, eq.(3.4), we have now
We thus see that in terms of the holomorphic coordinates the Kähler potential reads
In the α → 0 limit we find the well known result
It is important to stress that the combination T +T − |C| 2 , appearing in the Kähler potential, is still proportional to the undeformed volume of the 2-cycle:
where J is the Kähler 2-form of the CY 3-fold. By undeformed volume we mean the following. To leading order, the effect of turning on the gauge bundles at the boundaries is just to produce an 11d metric which is a warped product of a CY 3-fold and a 5d spacetime. At this level of approximation, the only effect of the G-flux is the CY volume's dependence on y. Clearly, Eq.(3.11) gives the volume of the cycle at this level of approximation. Notice, in particular, that it does not depend on the value of C. In fact, this should be expected, as the warping is determined by topological numbers and it therefore cannot change continuously as we change the gauge bundles at the boundaries. On the other hand, in general we do expect the volume of the cycles to be deformed continuously in the presence of these gauge bundles, that is, it should depend on the vector bundle moduli φ α and charged matter C a . As we will argue in section 6, while the Kähler potential depends on the undeformed volume of the cycles, the superpotential induced by brane instantons will be a function of the deformed volume of the wrapped holomorphic cycles and will thus depend on φ α and C a . Note that the same reasoning applies to the dilaton superfields S 0 and S π and the fact that the Kähler potential depends only on the warped volume of the CY, which is sensitive only to the topology of the gauge bundle.
Non-standard embedding
In the general case, that is for other choices of the gauge bundle, additional states will be present at the 4d branes. In particular, in addition to the chiral multiplets C a charged under the 4d gauge groups, one finds vector bundle moduli φ α whose number depends on the topological properties of the vector bundle. The VEVs of the bundle moduli determine the configuration of the gauge bundle and thus also the value of Yukawa couplings and matter kinetic terms. As such, it is important to know how and at which values they are stabilized.
As we have seen above, their kinetic terms, determined by the way they enter the 4d Kähler potential, can be obtained by looking at the 5d Bianchi identities. A direct reduction from the 11d Bianchi identity for the 4-form G shows that Note that above and in the following, for simplicity, we suppress similar terms that can be induced by a non-trivial gauge bundle at the hidden brane. In Eq.(3.12) we have two source terms. The first one will be discussed in section 4 as it can lead to Fayet-Iliopoulos D-terms. The second,
is manifestly gauge invariant in respect to the unbroken 4d gauge transformations, and it depends on the (covariant) derivative ofÃ. We introduce now a set of (local) complex coordinates along the CY 3-fold, {z n } (n = 1, 2, 3), and writẽ
Recalling thatÃ =Ã[φ,φ; C,C] and the fact that ∂ α,a A n = 0, it follows that F I µy is a component of the superfield V I y where now 16) and the superfield k I is found to be 6
which can be easily checked to be real. As in the universal case discussed above, the 5d Kähler moduli Σ I are modified as
and therefore
Likewise, the lowest component of the dilaton superfield also depends on the brane fields as
We can use now the same reasoning as before to show that in the general case the effective 4d Kähler potential reads
In the case of the standard embedding with universal moduli only we have k = |C| 2 and Eq.(3.21) reduces to Eq.(3.9). As a non-trivial test of this result let us consider the weak coupling limit α I → 0. In this case the Kähler potential is
where K 1,1 (T +T ) is the Kähler potential for the Kähler moduli. The last term on the r.h.s. can be regarded as the brane fields Kähler potential and reads
Finally, this can be rewriten as
where J is the Kähler 2-form of the CY 3-fold. This expression matches the Kähler potential that can be obtained by a direct reduction of the 10d Yang-Mills action, see e.g. [24] . Note that also the cross term between the T -moduli and the bundle moduli mentioned in this reference follows directly from the above Kähler potential. There is no need for an additional contribution to K to explain this term, in contrast to the expectations expressed in [24] . Notice that we can also determine a one-loop correction to the bundle moduli and matter Kähler potential (3.24), which reads 25) and depends on the second Chern characters of the vector and tangent bundles.
A few remarks are now in order. Firstly, we would like to stress that the way K depends on the brane fields is not unexpected. A similar expression, the DeWolfe-Giddings Kähler potential [30] , has been proposed in the context of type IIB compactifications with mobile D3 branes, where it can naturally be matched to the kinetic terms derived from the Born-Infeld action for D3-branes. 7 An important feature of our Kähler potential is that the vector bundle moduli cannot be disentangled from the geometric moduli. It is therefore excluded that the Kähler potential for the former be − p ln(φ +φ) ,
as advocated e.g. in [24] . Moreover, the above form for the Kähler potential preserves an important property already mentioned in section 2.2, namely that 27) where i,j run over all moduli and matter, even in the presence of the brane fields. We prove this assertion in the appendix. This is the heterotic M-theory counterpart of the no-scale structure property in the type IIB case. Finally, let us comment on the structure of k I (φ,φ; C,C). To do this, we note that the bundle moduli and charged matter fields are introduced as
whereĀ(φ) is a solution of the zero-slope limit of the hermitian Yang-Mills equations, and the charged fluctuations C span the Dolbeault cohomology H 1 (CY 3 , V S ), where V S is the vector bundle in the representation S at the y = 0 brane. Let us introduce a set of 1-forms {ū a } forming a basis of H 1 (CY 3 , V S ). Then, C =ū a C a and we see that k I consists of two pieces
where k I φ depends only on the bundle moduli and is obtained by evaluating Eq.(3.17) for solutions of the zero-slope limit of the hermitian Yang-Mills equations, while
It would be interesting to evaluate these expressions explicitly, e.g. using the gauge instanton solution studied in [53] . We leave this for future work.
Anomalous U(1)s and Fayet-Iliopoulos terms
Recent searches for realistic heterotic model-building using non-trivial line-bundles naturally lead to the presence of anomalous U(1)s in the gauge group content of both the visible and the hidden branes (see [31] [32] [33] and references therein). The effects of such anomalous U(1) X 7 A relevant difference between our case and the DeWolfe-Giddings Kähler potential is that the latter is only known to apply when h 1,1 = 1. In that case the little Kähler potential k is just the Kähler potential of the compactification CY evaluated at the position of the mobile D3 brane [30] . It is natural to expect that this expression extends to h 1,1 > 1, although it is not clear what the k I will be in that case.
factors was studied long ago in [54] in the absence of bulk M5 branes. Their results were recently extended to include M5 branes in [32] . One of the facts pointed out in [32] is that, in the effective 4d theory, not only the dilaton but also the Kähler moduli and the five-brane moduli will be charged under the anomalous U(1) X . We will show below how their charges relate to each other. Important to us is the fact that the U(1) X induce moduli-dependent Fayet-Iliopolous terms, leading to positive contributions to the potential energy. As it was first pointed out in the context of type IIB flux compactifications, these FI terms have the potential of helping with uplifting possible AdS 4 vacua [9, 17] . This possibility was also explored in the heterotic Mtheory setup in ref. [26] . However, as we will argue in this section, this reference did not include all terms relevant for the analysis.
To study the effects of the anomalous U(1) X we have once again to take into account the modification to the 5d Lagrangian presented in the previous section. This modification is supported at the orbifold branes where the U(1) X is acting. We will assume, for notational simplicity, that there is just one U(1) X at the visible brane, none in the hidden one. The generalization to multiple anomalous U(1)s in both branes is straightforward. The modified Bianchi identities for the bulk gauge multiplets lead to [54] 
where, according to Eq.(3.12), the charges q I are the topological invariants
determined by the first Chern class c 1 (Ã X ) of the vector bundle. In our superspace formalism this corresponds to rewriting V I y as
where V X is the 4d vector superfield (in Wess-Zumino gauge) transforming under the U(1) X as
Moreover, the condition that F I is a gauge invariant implies that V I y has to be invariant under this transformation. Thus, we find that Σ I shifts under the anomalous U(1) X ,
In component notation this means that A I y → A I y + q I δ(y)λ X (x). This shift is necessary to cancel out the brane localised anomaly [54] .
As we just pointed out, the only effect of the anomalous U(1) X on the bulk superspace Lagrangian is to rewrite V y , introducing brane-localised terms. The latter induce tadpole terms for V I proportional to V X , which source "non-zero" modes 6) leading to
Here,Ṽ I stands for the y-dependent fluctuations which, since the vector superfield V I is S 1 /Z 2 -odd, vanish at low energies. Going down to 4d, the above non-zero modes will contribute V X -dependent terms to the effective Kähler potential. We will see now what those terms are.
To determine the effective Kähler potential, using Eqs.(2.11) and (4.6) we find that we have to perform the following integral
, (4.8) where we supressed all odd superfields and possible brane chiral matter contributions. Now, we know that for V X = 0 and no brane chiral matter, the Kähler potential depends only on the 4d moduli S 0 and T I . Therefore, if K(S 0 +S 0 ; T I +T I ) is the Kähler potential for V X = 0, then we find that turning on V X the Kähler potential is
To obtain the D-term potential due to the FI terms we will assume that V X is normalized such that the anomalous gauge kinetic term is
We find then
As pointed out in [31] , the D-flatness condition q I (α I K S 0 + K I ) = 0 can be re-interpreted as a 1-loop corrected Donaldson-Uhlenbeck-Yau integrability condition. This is intimately related to the appearence of a 1-loop correction to the brane kinetic term (3.25) . To illustrate the relevance of FI D-term potentials for moduli stabilization, we study the tractable h 1,1 = 1 case. Using Eq.(2.19) we find that the D-term potential reads
It is interesting to consider the weak-coupling limit αRe(T ) ≪ Re(S 0 ). We find to leading order 13) which clearly differs from the result found in [26] . Note that this difference is not qualitative, because the physical force towards increasing both Re(S) and Re(T ) is also present in the Dterm potential of [26] . This force drives the theory to the phenomenologically interesting limit of strong coupling at the hidden brane and might be a means of obtaning (supersymmetry breaking) stable dS vacua. We will explore this possibility in a forthcoming publication. We close this section recalling how the above reasoning is changed once we take into account the effects of matter charged under the anomalous U(1) X acting at the visible brane. We denote by C the chiral multiplets with U(1) X charges Q C . Note that we are suppressing non-abelian indices. The main effect of the presence of the charged matter at the visible brane is to induce the following change in the D-term
As expected, the inclusion of the charged matter fields induces a potential that eventually can be canceled by giving suitable Vevs to the charged scalars. If this happens, then (4.12) is of no use for moduli stabilization.
Superpotential
In this section we discuss the perturbative and non-perturbative superpotentials needed for moduli stabilization. The perturbative superpotential can be derived in several ways. One is to use the wellknown fact that in the presence of non-zero four-form flux G, an effective 4d superpotential [55] [56] [57] [58] 
is generated. We will study first the superpotential dependence on the brane fields. Solving the Bianchi identities one finds the following brane induced G
which then leads to the superpotential [59]
Note that a priori this superpotential includes not only the bundle moduli and charged matter but also the massive modes. In addition, it also depends on the complex structure moduli. As pointed out in [59] , once the condition of holomorphicityF = 0 is satisfied, the bundle moduli parameterize flat directions of the superpotential. In fact, 
We find that
already taking into account that the background gauge bundle is holomorphic. We recall that the charged massless fluctuations should satisfyDC = 0. Then, only the last term contributes to the superpotential which is a cubic function of the charged matter fields. It is important to stress that it also depends on the complex structure moduli z and bundle moduli φ.
In addition to (5.6), the four-flux G generally also induces a flux superpotential W f lux (z) through (5.1), depending only on the complex structure moduli z. In this paper we will assume that all complex structure moduli are frozen by the effect of W f lux . After integrating out these moduli, a constant 8 superpotential W 0 remains, which can in 5d be seen as a Scherk-Schwarz twist.
The perturbative effects discussed sofar cannot alone provide for a stable vacuum. Fortunatly, a number of non-perturbative effects have the potential to deform the vacuum structure of heterotic M-theory. In particular, non-perturbative superpotentials can be induced by: i) euclidean M2 branes wrapping CY 2-cycles and stretching between the orbifold planes (and possible bulk M5 branes) [22, 51, 60, 61] ; ii) gaugino condensation in strongly coupled gauge sector(s) [62] [63] [64] , typically at the hidden brane [65] [66] [67] [68] [69] ; iii) and euclidean M5 branes wrapping the whole CY 3-fold at the orbifold fix points [70] .
Regarding the third effect (M5 brane instantons), let us point out its similarity to the superpotential induced by the gauge instantons, in that both are controled by the S i moduli. One might wonder whether these are two different descriptions of the same phenomenon. For that reason, and since the detailed form of the euclidean M5 brane superpotential is not fully understood [70] , we will neglect it and assume that the non-perturbative superpotential reads [51] 
where the first term at the r.h.s. arises from the brane instantons while the second one is due to gaugino condensation at the hidden brane. Here, T i = β i I T I is the Kähler modulus associated with the wrapped i-th holomorphic two cycle and a is determined by the M2 brane tension. The constant b is determined by the field content at the hidden brane. On the other hand, the prefactors A i and B are, in general, functions of additional moduli. That is
where φ, C denote brane localised bundle moduli and matter and z stands for complex structure moduli. In case we have additional M5 branes in the 5d bulk, Eq.(5.7) includes additional terms due to M2 brane instantons connecting the different branes. The bundle moduli dependence of A i is in general not known but there are a few results that can be stated. Firstly, let us recall that for A i to be non-vanishing, the M2 brane instanton must be wrapping an isolated genus zero holomorphic curve (times the orbifold interval). Moreover, the vector bundle pulled back to the wrapped curve must be trivial which implies that since T i ≡ β i I T I , then [72] 
must be satisfied. This has the interesting implication that A i (φ, C) must be a singlet. 10
8 See however ref. [58] , which indicates that the flux superpotential may also depend on the Kähler moduli. 9 See, however, ref. [71] , which advocates another form for the non-perturbative superpotential W np . 10 We see that this presents a solution to the possible incompability between D-term potentials and non-perturbative superpotentials different from the one found in the case of gaugino condensation on D7-branes in type IIB compactifications. In this case, it was shown by an explicit calculation [73] that the prefactor can be charged under the anomalous U(1) X in such a way as to make the superpotential gauge invariant. In our case, the prefactor is allways a singlet and therefore must vanish in case the exponential factor in the superpotential is not U(1) X invariant.
The prefactor A i is essentially determined by the Pfaffian of the chiral Dirac operator evaluated in the background of the gauge bundle pulled back to the holomorphic curve. In a series of papers [74] [75] [76] , Buchbinder et al. were able to explicitly calculate the bundle moduli dependence of A i in a number of examples with vector bundles constructed on elliptically fibered CY 3-folds. They found that A i is a non-vanishing homogeneous polynomial function of certain bundle moduli, dubbed transition moduli since they trigger small instanton transitions at the i-th curve as they approach zero. A nice explanation of these and related issues can be found in [24] .
Finally, let us point out that in this paper we assume the gauge bundle at the hidden brane to be trivial. Therefore, in this case the gaugino condensate 1-loop determinant B is just a holomorphic function of the complex structure moduli.
Supersymmetric (adS) vacua
In this section we search for supersymmetric vacua. In view of the new understanding of the Kähler potential with brane multiplets obtained in section 3.1, we expect our results to be distinct from the ones in ref. [24] . To keep our dicussion as simple as possible we take h 1,1 = 1 and no bulk M5 branes. Furthermore, we consider the gauge bundle at the hidden brane to be trivial and exclude the possibility of anomalous U(1) factors acting at the visible brane. We follow [24] , which in the spirit of KKLT [1] assumes that the complex structure moduli are stabilized in values which are approximately independent of the other moduli. Then, the superpotential reads
Supersymmetric anti-de Sitter vacua can be obtained whenever
can be satisfied, with i running over all moduli.
We observe first that D C a W = 0 can be satisfied at C = 0 in case A(φ, C) is regular at C = 0, which we take for granted in the following. In fact the latter implies that ∂ C a W = 0. Then, since (cf. (3.30) )
also vanishes for C = 0, we find that K a W = 0 at that point and D C a W = 0 as we wanted to show. Our search for supersymmetric (AdS) vacua reduces now to studying the superpotential
where A(φ) = A(φ, C = 0). Recall that in section 5 we pointed out that W pert (φ, C = 0) would not depend on the vector bundle moduli φ once we impose the vector bundle to be holomorphic (F = 0). We will assume this to be the case in the following. It is then not difficult to find that, due to the specific way the bundle moduli and the Kähler moduli mix in Eq.(3.21), we have
The value of φ α in a supersymmetric vacuum (with D T W = 0) is thus found by solving the reduced problem 11D (6.6) with the reduced superpotential W(φ) = A(φ)
a and the reduced Kähler potential being k(φ,φ). It is important to stress that the value of φ α in the supersymmetric vacuum is fully independent of the geometric moduli S π and T . This is in contrast to the findings of [24] .
Moreover, the above supersymmetry condition on the bundle moduli has an interesting physical interpretation, as we explain now. This relies on understanding the origin of the φ-dependence of the prefactor A(φ). Adapting an argument given in [78, 79] , in the type IIB context, we find that this dependence can be traced back to the correction that the volume of the 3-cycle wrapped by the brane instanton suffers in the presence of the non-trivial brane localised gauge bundle 12 . In the present case, with h 1,1 = 1, the total volume reads
with the undeformed volume being (cf. (3.11)) 8) and the correction δV
Clearly, the supersymmetry condition on the gauge bundle,D α W(φ) = 0, now gains a suggestive new face
We thus see that in a supersymmetric vacuum, the bundle moduli extremize the volume of the cycles wrapped by brane instantons.
In case a solution, φ = φ 0 to Eq.(6.6) can be found, we are left with a set of two (complex) coupled equations involving just the moduli S π and T . For simplicity, in the following we work with the moduli S π and S 0 = S π + αT . The conditions D i W = 0 for a supersymmetric vacuum can be combined to give
where A 0 ≡ A(φ 0 ), and
(6.12) Following [24] , we have a ∼ 10 2 , b ∼ 5 and B ∼ 10 −6 M 3 p . On the other hand, acceptable phenomenology imposes that the brane tension α is bounded as α 1 and Re(S 0 ) ∼ 1. With these values we find that there is an AdS 4 supersymmetric vacuum with
if we fine tune the flux superpotential W 0 to be
We note, however, that the value of Re(S π ) is by far too large to be phenomenologically acceptable. In fact, the problem lies on the ratio (b/a) ∼ 5 · 10 −2 being too small. That is, the force exerted by the membrane instanton against the growth of the wrapped cycle is too strong when compared to the effect of gaugino condensation. The situation would improve if we manage to bring b/a to be of order one. It is conceivable to increase b by breaking down the E 8 at the hidden brane to some subgroup by using a non-trivial gauge bundle. To decrease a by the needed amount, one would have to decrease the size of the holomorphic curve wrapped by the brane instanton by one order of magnitude. It is interesting to note that the vacuum (6.13) depends only very weakly on A 0 = A(φ 0 ) and therefore, in principle, we cannot choose the visible sector gauge bundle in such a way as to move the susy vacuum into a phenomenologically interesting corner of the moduli space. Finally, it is straightforward to determine the value of the potential energy at the vacuum. We find
a rather deep AdS vacuum. Before closing this section let us comment on the assumptions we made in obtaining the above results. The first assumption was that the complex structure moduli can be fixed due to the effect of a flux superpotential with values that do not depend on the other moduli φ, T, S π . Clearly, if this was not to be the case, the above results could be strongly modified. We refer the reader to [12] for a nice discussion of this possibility. Secondly, we assumed that the charged scalars can be stabilized at C = 0. This relies on the fact that A(z, φ, C) is a gauge singlet and smooth at C = 0 and on the assumption that the gauge bundle at the hidden brane is trivial. Non trivial bundles may allow for more exotic possibilities, with a charged matter dependent prefactor B, obstructing supersymmetric vacua. The third assumption was to exclude the possibility that Eq.(6.6) has no solution for holomorphic vector bundles satisfying (the zero-slope limit of) the hermitian Yang-Mills equations. In fact, the possibility that non-perturbative corrections might destabilize heterotic vacua was raised long ago [80] [81] [82] (see also [72, 83] ). However, we should note that [24] gave reasonable arguments against that possibility at least for the class of compactifications studied therein.
Discussion
In this paper we performed a discussion of the ingredients involved in moduli stabilization in heterotic M-theory. That is, we derived expressions for the low-energy Kähler potential and superpotentials as functions of the dilaton S and Kähler moduli T I , as well as of the bundle moduli φ and charged matter C. For this purpose we used a superfield description of the relevant couplings of 5d heterotic M-theory, which in this paper we expanded beyond the standard embedding.
One of the main achievements of this paper is the first time derivation of the way the bundle moduli and charged matter enter the Kähler potential. We found in section 3 that the Kähler potential of heterotic M-theory (and its weak coupling limit, the heterotic string) is similar in form to the De Wolfe-Giddings Kähler potential [30] in type IIB string, but unlike the latter it is defined also for h 1,1 > 0. Using this and the perturbative and non-perturbative superpotentials discussed in section 5 we performed a study of moduli stabilization, searching for supersymmetric vacua (in a setup with h 1,1 = 1 for simplicity). Let us recapitulate our main findings.
The configuration of the gauge bundle is determined by solving a "reduced" supersymmetry condition, which involves only the bundle moduli φ. We have argued that this condition has a simple physical interpretation. Namely, it picks extrema of the volume of the isolated holomorphic curves (wrapped by membrane instantons) in respect to the bundle moduli. If a solutionĀ(φ 0 ) is found, we can determine the values of the geometric moduli S and T I in the vacuum, by solving the corresponding susy conditions in theĀ(φ 0 ) background. We found that, at least in the h 1,1 = 1 case without five-branes in the bulk, at the supersymmetric AdS 4 vacuum the geometric moduli take values far from the phenomenologically acceptable corner of the moduli space.
Anomalous U(1)'s are predicted in recent semi-realistic heterotic model-building. In this paper we derived the FI D-terms induced by the anomalous U(1)'s, extending to strong coupling the results of [31] . As we pointed out in section 4, the D-term potential drives the theory towards strong coupling and may therefore be of use in moduli stabilization. We have also seen that the appearence of a charged Kähler modulus T i implies the vanishing of the membrane instanton superpotential associated with T i . We note that, interestingly, in that case a contracting force (the membrane instanton) is traded for an expanding one (the FI D-term).
To obtain realistic vacua, the AdS supersymmetric minima discussed in this paper have not only to be uplifted to de Sitter vacua, but also the Vev's of the geometric moduli must be changed. Several ways of achieving this have already been proposed in the literature, mostly in the realm of type IIB compactifications. These include: D-terms from anomalous U(1)'s [26] ( [9, 17, 20] in the type IIB context); anti M5-branes [28, 84] (D3 in KKLT [1] ); de Sitter vacua from matter superpotentials [19] ; and loop corrections [27] (or the combination of α ′ and loop corrections [11, 13-16, 18, 20, 21] in type IIB compactifications). We will investigate some of these and other possibilities in a forthcoming publication, where we will address the construction of stable de Sitter vacua in 5d heterotic M-theory (see [85] for an explicit example of dS stable vacua in 5d gauged supergravity at one loop).
Since to obtain de Sitter vacua we will have to find supersymmetry breaking minima of the scalar potential, the question arises as to whether the gauge bundle is still determined independently of the geometric moduli, as in the AdS vacua studied in section 6. Remarkably, it can be shown (when C a = 0) that if the scalar potential has an extremum in respect to S π and T , i.e. ∂ Sπ V = ∂ T V = 0, then the reduced flatness condition, Eq.(6.6), will imply that V also has an extremum in respect to the bundle moduli, ∂ α V = 0, and we expect this to be the case also for h 1,1 > 1. We thus see that the gauge bundle in a de Sitter vacuum with C = 0 is exactly the same as in the supersymmetric AdS vacuum, which is determined by the reduced flatness condition. However, it remains to be seen what happens once we allow for vacua where the charged scalars receive non-vanishing Vev's as in [25] , or include anti M5 branes in the 5d bulk [28, 84] . In this case we cannot exclude that the configuration of the gauge bundle will be dependent on the geometric moduli.
